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Abstract. We present an analytical formula for the ratio of the physical spin correlation length
of a two-dimensional Heisenberg antiferromagnet on a square lattice, and the one which is actually
computed in numerical simulations. This latter correlation length is deduced from the second
moment of the structure factor at the antiferromagnetic momer@unWe show that the ratio

is very close to one, in agreement with a previously obtained numerical result based givthe 1
expansion.

The two-dimensional Heisenberg antiferromagnet on a square lattice is one of the most
extensively studied systems in condensed-matter physics. The interest in this model is twofold.
On one hand, the Heisenberg antiferromagnet models a large number of real materials including
parent compounds of high- superconductors. On the other hand, its low-energy physics is
adequately described by a field-theoretisamodel thus allowing one to find similarities
between condensed-matter physics and field theory.

The low-temperature behaviour of the Heisenberg antiferromagnet is understood in great
detail [1-3]. For short-range interaction, the ground state is ordered unless one fine tunes the
couplings between nearest and further neighbours. The ordered ground state is characterized by
a sublattice order parametefy, spin stiffnessp,, and transverse susceptibility, = c¢=?py,
wherec is the spin-wave velocity. At any finite temperature, however, the system is disordered
due to thermal fluctuations. The disordering means that the equal-time spin—spin correlation
function decays exponentially with the distance, d@'e The length scaléis the physical spin
correlation length. Various approaches to 2D antiferromagnets all predict [1, 2, 4] that in the
renormalized-classical regi@gfi <« p,), which we consider heré,is exponentially large i’
atlowT and behaves &s~ exp(2rp,/T). Equal-time spin correlations at large distances can
also be described by a static structure fact@) for k near the antiferromagnetic momentum
Q = (, 7). Atfinite temperatures§(Q) scales ag? and is therefore also exponentialin

The exponential temperature dependencésof ofS(Q) have been verified in numerical
simulations [5, 6], and by analysing the neutron scattering and NMR data $@uCy and
SnCuG,Cl;y [2]. The accuracy of numerical simulations is however so high that one can
not only check the temperature dependences but also compare the absolute value of the spin
correlation length with the exact expression §oobtained some time ago by Hasenfratz and
Niedermayer (see below). Recently, two groups [5, 6] performed such a detailed comparison
and found a good agreement with the Hasenfratz and Niedermayer formula at vefy low

This comparison, however, requires care, as in numerical simulations one in fact measures
not the physical spin correlation lengghbut another length scale which differs franby a
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constant factor which is not necessarily close to one. The pointis that in numerical simulations
one measures the spin structure fact@r) in the momentum space. Meanwhile, the physical
spin correlation length is associated with the real-space behaviour of the structure factor: at
large distances$(r) o« e€'/¢. To extract thiss from S(k), one has to move to theaginary
k-axis. There 1 is the scale at whicl§(k) has a polesS—1(k = it¢~%) = 0[2]. In numerical
simulations, however, the structure factor is evaluated onlydalrvalues of the momentum
k. By agreement, the correlation length is identified as a second momg&k)dior k = Q,
i.e., ast = (—S71(Q) dS(k)/dk?|;_ )2 5, 6].

For the Lorentzian form a$ (k), S(k) o< ((Q — k)2 +m2)~1, both¢ andE are equal to the
mean-field spin excitation gapgl and are therefore identical. However, th@vlcalculations
for the QN) o-model rigorously demonstrated th&tk) has a Lorentzian form only in the
limit N — oo, while for arbitraryN, and, in particular, for physical = 3, the momentum
dependence of (k) is different from a simple Lorentzian [2]. In this situatiop,and the
physical spin correlation lengthdiffer by some constant factor.

To proceed further, we quote the exact theoretical result [2—4]

1 8 1/(N-2) 1
_ _(8 1
& /m (e) ra+1/(N-2)) @
wherem is given by
T 1/(N-2)
m=— (2nps/(<zv -~ 2)T)) g 2 /lN=2T], @3]
C

This result is based on numerical results foe= 3 andN = 4 [4] and on ¥ N expansion for
the QN) o-model [2,3]. ForN = 3, this yieldss ~'/m = (8/e) ~ 2.94.

No exact expression, however, is known§orThe I/ N expansion for the QV) o-model
yields [2]

£~ = £71(1 + 0003/ (N — 2)) (3)

where the factor 0.003 arises from numerical evaluation of some complex integrals [7]. A
formal application of this result to the physical case\ot= 3 yields almost identical values
for £ and¢. This agreement was cited in [5, 6] as a justification for compafimgtracted
from the simulations witl§.

A potential problem with this argument is that it in fact assumes that the result fav¥ any
can be obtained by just exponentiating theX — 2) term (i.e. by replacing 1¢toga) /(N —2)
by a/N=2). This exponentiation rule works for temperature-dependent corrections due to the
renormalizability of a classicat-model in 2D. For a quantum model, the renormalizability
is however not guaranteed, and there is a concern that the smallness giMtortection
may be the result of a near cancellation between the two terms, only one of which survives for
N =3.

Toillustrate that this concern is justified, we review the laigexpansion fot —*/m [2,3].
To first order in (N — 2) this ratio behaves as

£ m = (1 + (log(8/e) + m) 4

N -2
whereyr is the Euler constant. Comparing equation (4) with the exact result, equation (1), we
see that the exponentiation rule works, but only provided thahegtectshe Euler constant

in (4). The latter in turn accounts for the appearance ofltHenction in (1) (recall that
FA+1/(N—-2)=1—yg/(N—2)+0(1/(N —2)?). AsT'(2) = I'(1) = 1, the term with

the Euler constant actually does not contributé td/m for the physical case af = 3. In
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other words, to obtain the exact result fofor N = 3, one first has to eliminate: from the
1/N correction and only then exponentiate the rest.

The danger is that the same might also happen for the rescaling facjcarafé, i.e.,
that the ratio obtained numerically to first order ifNLmay in fact contain the Euler constant
which would mask the actual value of the ratio.

In the present communication we address this issue. We compute explicitly the
T-independent AN corrections t& and show that the factor describing the rescaling between
£ and& does not contain the Euler constant. This implies that $hé fesult for the ratio is
very likely to be reliable, and the rescaling factor for the two correlation lengths is very close
to one.

As an input for our calculations, we use the results of th& xpansion for QV)
o-model [2,3]. AtN = oo, the mean-field consideration is exact, and the static structure
factor is given by [2]

TN3N 1
ps  m5+(Q —k)?

N
Sty =" Si(k) = (5)
i=1

where
mo = (T /c)e 2/ (N

Atfinite N, this simple expression is modified due to interaction between low-energy transverse
spin fluctuations. It has been shown in [2, 3] that there exist two different typeg 8f1 2)
corrections: singular ones which contain{@gmo) and loglog(T /mg)), andT -independent,
non-singular corrections which account for the renormalizations of the overall factors in
S(k) andm. The renormalizability of the classical 2BD-model implies that logarithmical

and double-logarithmical perturbation series are geometrical and therefore can be simply
exponentiated. The non-singulay( — 2) corrections however require special care, as
was demonstrated above. Collecting both singular and non-singtrcrrections and
exponentiating the singular ones, one obtains [2]

N (N —2)T\N-D/(V-2)
S(k) = 27 N? P(k 6
d = 2nng o (B2 ® ©
where fork comparable to the inverse correlation length
1
P(k) = (7)

Zm2+(Q —k)2+ (k)
Herem is given by (2), andZ and X (k) o (Q — k)? account for the temperature-independent
1/(N — 2) corrections.

The expressions faZ and X (k) have been obtained in [2] but not explicitly presented in
that paper. Here we list the catalogue of the results which we will need:

+V/x2+4  x )

2 *° X
Z=1+—(2log2—1- logl
N( og 3/0 dx loglog > GZr 12

40 —k)? [ x+Vx2+4x(7x% - 2)
= 8
Tk — Q) N /O dx loglog 5 ey (8)
2 o] 2 _ 2 2
z(k:im):_m_/ dx |0g|ogx+“/x +4/(x —Vx2+4) P .
N Jo 2 Vx2+ 4 (x2+1)?
For the two correlation lengths we then obtain
_ 2k =1im) - > (k)
2=m2Z<1+—) szzz(l——> . 9
g " : @17/l ®
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Performing simple manipulations, we find that

51=m<1+%(2I092—1—A)> (10)
where
00 2 _ 2 2
A:/ dx loglog ™" +4((x X7+ 4 ) (11)
0 2 2Vx2+4
Introducing
x+x/x2—+4
t:logT

and integrating by parts, we immediately obtain= —(y +1og2). A substitution of this
result into (10) yields equation (4).
For the ratio o and&, the same manipulations yield a more complex expression:

~ 1
E=c(1eyoen) (12)
N
wherel = 31, — 1413 + 18,4, and
0 sinht log ¢
I, = P 1
/0 dr (2coshy — 1)» (13)

Notice that the integrals, are all convergent and hence are determined by energy scales which
are much smaller than the upper cut-off. At this scale, the system behaviour is universal, and
therefore the overall factor ifis the universal number. Note in passing that similar integrals
appear in the calculations of the d.c. Hall conductivity near the fractional quantum Hall critical
point [8].

To evaluate the integrals (13), we introduce the auxiliary function

®, (1) = sinht log?(—1)/(2 coshr — 1)"

and integrateb, over a contour which consists of a circle of infinite radius and a cut along
the positive reat-axis. The contour integral yields4ril, and simultaneously it is equal to
the sum of the residues (modula @ of the poles along the imaginaryaxis. Performing
calculations and making use of the summation formula

i log2nn + (1 —a)) 3 log2nn + (1 +a))
v 2n+(1—a) 2n+(1+a)
sinhua

sinhu

= z(Iogn — ;/E)tanH - / du logu (14)
2 2 0

we can explicitly pull out the Euler constant from the integrals

ve D
) A
2 2 2

YE 1~2 i3
Ii=——— —+— (15)
3 4 12 12

L I 1

L=-YE_ 2,3 "4
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where

i /°°d logx sinh2rx/3
= X
2= sinhzx sin27/3
~ /°° xlogx cosh 2rx/3
3= dx T
0 sinhmx cos2r/3
- > x?logx sinh 2rx/3
14: dx " . .
0 sinhrx sin2r/3

(16)

The analytical expression fdb has been known for some time [10], whereas the ones for
I3 4 have been obtained very recently [9], It turns out that these integrals can be expressed
in terms of the derivatives of the Hurvitz zeta functiof(d, «)/dx atx = 0, —1, —2 and
a=1/6,1/3,1/2,2/3,5/6, 1. Explicitly, we obtained [11]

I~2 = — |Og Ro

Is=6logR_1 — 3log6 (17)

I, = 36logR_, + 3log 6

where

=1
_ Fs(1/3)1“s(1/2)( I (7/6)I'_s(1) ) (18)

C TG/ () \T(2/3T-(1/2)
and thel'; are the generalized Gamma functions introduced via

d¢ (x, &) /dx|,=—, = log(T'_,(a)/~/27)

(I'o is a conventional” function)
Assembling now all contributions tb and substituting the result into (12), we find that
the Euler constant is cancelled out. The rest is combined into

N 1 1
E= g(l T log[6RY*R-8R~3% + O <m>> (19)

This expression is the central result of the paper.

The next issue is how to account for the higher-order termg(N 1- 2). Here we use the
same assumption as was proven to workfaramely that after the Euler constant is subtracted,
the rest of the @1/ (N —2)) correction can be exponentiated. Using this assumption, we finally
obtain

£ = £2(BRy RZIRZF)VN 2 (20

For N = 3 this yieldsé2/£2 = 0.993; i.e. the ratio is indeed very close to one. This result
may sound intuitively obvious, but we emphasize again that it is not based on any physical
reasoning and therefore had to be verified by explicit calculations. This is what we did.

The extreme closeness of the rafigé to 1 is consistent with recent claims that at
T — 0, the numerically computed spin correlation length [5, 6] approaches the Hasenfratz—
Niedermayer result, equation (1).

Using our expressions foZ and &, we can also compute the overall factor for the
structure factos (Q). This quantity was also targeted in numerical simulations. The numerical
evaluation of the first AN — 2) correction yields

P(Q) =1/(Zm?) = £?(1+0.188/(N — 2))

(see equation (6)). Exponentiating this result, one obtBi@)/£2 ~ 1.2. Numerical simul-
ations [6], on the other hand, reported that the actual rescaling factor is more than three times
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larger than this number. We performed analytical calculations along the same lines as the
above and obtained

1
__ &2
P(Q)—s[1+N_2

wherel, is given by (15). Substituting the result férinto this expression, we obtain

2y — log2 + 6@] (21)

__ g2
P(Q)—s[1+N_2

This result coincides with the one obtained earlier by Campostrini and Rossi [3], and cited
previously in [12]. We see now that the Euler constant is present in the perturbation series,
i.e. one cannot simply exponentiate the lowest-order result. Using the same procedure as
before, i.e., treatingz as coming from the expansionBf1+1/(N — 2)), and exponentiating

the rest of (22), we obtain

(—yz +3log(Ro) — log 2)}. (22)

_ 3/(N-2)
N 1) (F(l/S)F(7/6)> £2. (23)

N —2)\I'(5/6)T(2/3)

ForN = 3, thisyieldsP (Q)&~? = 2.149 which is about double the value obtained by formally
exponentiating the whole/IN — 2) correction. Still, however, this result does not fully agree
with quantum Monte Carlo simulations at lo# which reportedP(Q)&~2 ~ 4 for both

S =1/2[6] andS = 1 [13]. The series expansion results [14] reported a somewhat smaller
P(Q)E~2 ~ 3.2 for § = 1/2. The reason for the discrepancy is not clear to us. Possibly, the
numerical simulations fa$(Q) were not performed deep enough inside the asymptotic scaling
regime atl’ — 0. Another possibility is that something may be wrong with the exponentiation
ofthe first I/ N correction taS(Q), though this is unlikely in view of the fact that this procedure
definitely works for the correlation length

P(Q) = 21/<2‘N>F(

We would like to thank V Adamchik, S Sachdev, M Troyer, R Wickham and M Zhitomirsky
for fruitful discussions.
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